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Abstract 



A simple combinatorial argument employing symmetry of edges is put forth 
to establish a recursive relation for counting the number of different labeled 
trees T n on n vertices. 



It is proved that T n calculated from this recursive relation is equivalent to the 
well known Cayley's Tree Formula n"~ 2 . 

Theorem: There are exactly (n) n ~ 2 labeled trees on n vertices for each n > 1 

Proof: Let T represent the set of all labeled trees on n vertices of given vertex 
set V{vi, v 2 . . . v n }. Let T n denote the cardinality of T. Also let E n denote 
the number of trees in T that always contain one specified edge, say Viv 2 . 

It should be noted that T is not affected by any rearrangement of vertices 
of V.This symmetry implies that all the edges are equivalent and contribute 
equally to TAs the number of possible edges is Q) = \n(n — l);the total 
number of edges in all trees in T equals 



where the right side of equality follows from the fact that each one of T n trees 
in T contains (n — 1) edges. Therefore we have for all n > 1 




for n > 1 and T\ = 1 



i n (n-l)E n = (n-l)T 
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T„ = i n E 
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(1) 



Furtehr,it is easy to see that Ti = 1. 

Without any loss of generality let us fix edge VxV 2 and count the number 
of possible trees to determine E n .For this, k vertices are chosen from the set 



V{v 3 , v 4 , . . . v n } in ( n ^ 2 ) ways. These k vertices together with vertex Vi form 
a set of (k + 1) vertices and would give Tk+i trees. The remaining (n — 2 — k) 
vertices are attached to vertex v 2 to from a set of (n — k — 1) vertices to yield 
T n _k-i trees. By summing for k = to n — 2 we get, 

E «=E( n k 2 Wl T n-k-l (2) 

k=0 ^ ' 

From EqQ and EqQ we get 
1 ^ /n-2\ 

T «=2 n ^ k )Tk+iT n _ k _i (3) 

k=0 ^ ' 
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Figure 1: Counting all Trees containing edge V\Vi 
Let the exponential generating function T(S) be defined as 



n=l v >' 



(T(S)) 2 = ££{T k * }{t 

n=l k=0 k \ ■) ) 



k+1 1 ( gn-k-1 
-k-1 



■(n-k-2) 



EEU v jTk+iT^ 

n=l k=0 



k ) K+± n -*- ± (n-2)l 
By using the value of T n from the recurrence relation of Eq ([3| , 

cimr-fjl^T.^} , 5 ) 
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On differentiating with respect to S, 



2T(S)T'(S) = £ |2(n - l)T a J?-^ J 



T(S)T'(S) = £ {nT n j—y) - g E {t^}^ T'(S) 



T(S) 



9[T(S)] = <9[ln 



T(S) 



On integrating, 



T(S) = In 



T(S) 



(6) 



Where C is a constant of integration. 

To fix C, put S=0 in Eq^ and note that from Eq|4 1 - T(0) = and ^ |s=o 
Tj = l.So we have = Ml) + C C = And Eqi 6| reduces to 



T(S) = Sexp T ( s ) 



(7) 



One can use Lagrange Inversion Theorem to expand T(S) in power series 
of S and the result is 



00 n [ CXJ 



n=l 



(n-1)! 



(8) 



By equating the coefficient of S" in Eq Q and Eq ^ we get T n = n n 
This completes the proof. 
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